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ON THE NORLUND MEANS OF VILENKIN-FOURIER SERIES 


I. BLAHOTA, L. E. PERSSON, G. TEPHNADZE 


Abstract. In this paper we prove and discuss some new (H p ,L p )~type inequalities of 
weighted maximal operators of Vilenkin-Norlund means with non-increasing coefficients. 
These results are the best possible in a special sense. As applications, both some well-known 
and new results are pointed out in the theory of strong convergence of Vilenkin-Norlund 
means with non-increasing coefficients. 
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1. Introduction 

The definitions and notations used in this introduction can be found in our next Section. 
In the one-dimensional case the weak (l,l)-type inequality for maximal operator of Fejer 
means a* can be found in Schipp [25] for Walsh series and in Pal, Simon [24] for bounded 
Vilenkin series. Fujji [6j and Simon [27] verified that cr* is bounded from H\ to L\. Weisz 
[40] generalized this result and proved boundedness of cr* from the martingale space H p to 
the Lebesgue space L v for p > 1/2. Simon [26] gave a counterexample, which shows that 
boundedness does not hold for 0 < p < 1/2. A counterexample for p = 1/2 was given 
by Goginava [13] . Weisz [4l] proved that the maximal operator of the Fejer means cr* is 
bounded from the Hardy space H t / 2 to the space weak — Li/ 2 . Goginava [17] (see also [31] ) 
proved that weighted maximal operator a* is bounded from the Hardy space Hi/ 2 to the 
space L\/ 2 . Moreover, the rate of the weights {log 2 (n + 1)}^ [_ in n-th Fejer mean is given 
exactly. Analogical results for 0 < p < 1 /2 were proved in [32] • 

Riesz’s logarithmic means with respect to Walsh and Vilenkin systems were studied by 
several authors. We mention, for instance, the papers by Simon [26] , Gat, Nagy HU. In [34] 
it was proved that the maximal operator of Riesz’s means R* is bounded from the Hardy 
space H\j 2 to the space weak — L\/ 2 , but is not bounded from the Hardy space H p to the 
space L p , when 0 < p < 1/2. Moreover, there were proved some theorems of boundedness of 
weighted maximal operators of Riesz’s logarithmic means, with respect to Vilenkin-Fourier 
series. 

Moricz and Siddiqi [T9] investigated the approximation properties of some special Norlund 
means of Walsh-Fourier series of L p function in norm. The case when qy = 1/k was excluded, 
since the methods of Moricz and Siddiqi are not applicable to Norlund logarithmic means. 
In [9] Gat and Goginava investigated some properties of the Norlund logarithmic means of 
functions in the class of continuous functions and in the Lebesgue space Iq. In [33] it was 
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proved that there exists a martingale / G H p , (0 < p < 1), such that the maximal operator 
of Norlund logarithmic means L* is not bounded in the space L p . For more information on 
Norlund logarithmic means, see paper of Blahota and Gat P] and Nagy (see [20], [21] and 

Hi. 


In [15] Goginava investigated the behaviour of Cesaro means of Walsh-Fourier series in 
detail. In the two-dimensional case approximation properties of Norlund and Cesaro means 
was considered by Nagy [23]. Weisz [52] proved that the maximal operator <j a ’* is bounded 
from the martingale space H p to the space L p for p > 1/(1 +a). Goginava [13] gave a 
counterexample, which shows that boundedness does not hold for 0 < p < 1/(1 +a). 
Simon and Weisz [[29] showed that the maximal operator cr"’* (0 < a < 1) of the ( C , a) 
means is bounded from the Hardy space to the space weak — Ti/(i +a ). In [3] it was 

also proved that the maximal operator a a ’* is bounded from the Hardy space to the 

space Li/(i + q ,). Moreover, this result can not be improved in the following sense: 

Theorem BT. (Blahota, Tephnadze |3]/ Let 0 < a < 1 and Lp : N + —>■ [1, oo) be a non¬ 
decreasing function satisfying the condition 

--log 1+Q n 

Inn- = oo. 

n—>oo tp ( 77 ,) 

Then there exists a martingale f G Hi/(i +a ) (G), such that 


sup 

neN 



= OO. 

1 /( 1 ++ 


It is well-known that Vilenkin systems do not form bases in the space L\ ( G m ). Moreover, 
there is a function in the Hardy space H\ ( G m ), such that the partial sums of / are not 
bounded in Li-norm. However, in Gat [8] (see also ED the following strong convergence 
result was obtained for all / G H\ : 

lim J— f flMpJk = o. 

n—Kxj log n k 

& k =l 


Simon |28] (see also p6]) proved that there exists an absolute constant c p , depending only 
on p , such that 


( 1 ) 


log [pl n k 2 ~P 


< c P ||/|| 


v 

H p i 


(0 < p < 1) 


for all / G H p and n G N + , where [p] denotes the integer part of p. In [3?j it was proved that 
sequence {1 /k 2 ~ p }°^ =l (0 < p < 1) in (jT]) can not be improved. 

Weisz considered the norm convergence of Fejer means of Vilenkin-Fourier series and proved 
the following: 

Theorem Wl. (Weisz [39]/ Let p > 1/2 and f G H p . Then there exists an absolute 
constant c p , depending only on p, such that 


\Wkf\\ p < c P \\f\\ Hp , for all f G H p and k = 1,2,.... 
Theorem Wl implies that 



n 2p-l 


k =1 


hkfl 

k 2-2p 


— O p 


H v 


( l/2<p<oo , ra = l,2,...). 
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If Theorem W1 holds for 0 < p < 1/2, then we would have 


( 2 ) 


n 


Ml 

log [1/2+p] n^ k 2 ~ 2 P 


— Cp 


Hr, 


(0 < p < 1/2, n — 2, 3,...). 


However, in Pi it was proved that the assumption p > 1/2 in Theorem W1 is essential. 
In particular, we showed that there exists a martingale / G H±/ 2 , such that 

sup lkn/Hi /2 = 00 . 

n 

In [5] it was proved that (J2J) holds, though Fejer means is not of type (H p , L p ) , for 0 < p < 
1 /2. This result for (C,a) (0 < a < 1) means when p — 1/ (1 + a) was generalized in [4j. 

In this paper we prove and discuss some new (H p , L p )~ type inequalities of weighted maximal 
operators of Vilenkin-Nbrlund means with non-increasing coefficients. These results are the 
best possible in a special sense. As applications, both some well-known and new results are 
pointed out in the theory of strong convergence of Vilenkin-Norlund means. 

This paper is organized as follows: in order not to disturb our discussions later on some 
definitions and notations are presented in Section 2. The main results and some of its 
consequences can be found in Section 3. For the proofs of the main results we need some 
auxiliary results of independent interest. Also these results are presented in Section 3. The 
detailed proofs are given in Section 4. 


2. Definitions and Notations 

Denote by N + the set of the positive integers, N := N + U {0}. Let m : = (mo, mi,...) be a 
sequence of the positive integers not less than 2. Denote by 

Zm-n ■ {0; UT n 1} 

the additive group of integers modulo m n . 

Define the group G m as the complete direct product of the groups Z mn with the product 
of the discrete topologies of Z mn l s. In this paper we discuss bounded Vilenkin groups, i.e. 
the case when sup ngN m n < oo. 

The direct product /i of the measures 

' = ^/ m ni (j £ Z mn ) 

is the Haar measure on G m with // ( G m ) = 1. 

The elements of G m are represented by sequences 

x . (to, X \,..., x ni ...), ( x n G Z mn ). 

It is easy to give a base for the neighbourhood of G m : 

J 0 (x) := G m , I n (x) := {y G G m \ y 0 = x 0 ,..., y n -1 = x n _i} (x G G m , n G N). 
Denote I n I n (0), for n G N + and 

e n . (0,..., x n 


1, 0,...) G G m , (n G N). 
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It is evident that 


(3) 


N —1 mi — 1 


f jv — imfc — l 


/at — 


u u u u Ii+i {x k e k + xiei) U U U In (x k e k ) 


i fc=0 £*,=1 i=fc+l a;; = l 


, fc=0 x k =l 


If we define the so-called generalized number system based on m in the following way : 

M 0 := 1, M n+ 1 := m n M n (n G N), 
then every n G N can be uniquely expressed as 

OO 

n = y, WfcMfc, where n k G (A: G N+) 

/c=0 

and only a finite number of ?ifc‘s differ from zero. 

Next, we introduce on G m an orthonormal system which is called the Vilenkin system. At 
first we define the complex-valued function r k (x) : G m —> C, the generalized Rademacher 
functions, by 

r k ( x) := exp ( 2mx k /m k ), ( [i 2 = —1, x G G m , k G N) . 

Now, dehne the Vilenkin system ifj := (?/> n : n G N) on G m as: 

OO 

^n(x) := ]^[ rl k (x) (n G N). 

fc =0 

Specifically, we call this system the Walsh-Paley system, when m = 2. 

The norm (or quasi-norm) of the space L p (G m ) (0 < p < oo) is defined by 

11/1?:=/ \f\ P d R- 

I Gm 


The space weak — L p ( G m ) consists of all measurable functions /, for which 

il/IILaifc— l„ : = SU P AP R (/ > A ) < °°- 

A>0 

The Vilenkin system is orthonormal and complete in L 2 (G m ) (see |5E1j). 

Now we introduce analogues of the usual definitions in Fourier-analysis. If / G L\ ( G m ) 
we can dehne the Fourier coefficients, the partial sums of the Fourier series, the Dirichlet 
kernels with respect to the Vilenkin system in the usual manner: 


f(n) 

respectively. 
Recall that 

(4) 





n— 1 

SrJ :=£/(*)*, 

k =0 


n— 1 

Dn ■ ^ ^Pki 

fc =0 


(n G N+) 


(X) 


if X G I 
0, if X £ I n . 


NORLUND MEANS 


5 


It is also known that (see p], flOj and p6jj) 

S— 1 

(5) D sMn = D Mn ^2 i>kM n 

k =0 

and 


S — 1 


Dm „ V r*, 

fc=0 


( 6 ) 


DsM n —j D sMn r uJsM n —iDji j !)•••) M n 1. 


The a-algebra generated by the intervals {/„ (x) : x G G m } will be denoted by F n (n G N) . 
Denote by / = (f^ n \n G N) a martingale with respect to Fn (n G N). (for details see e.g. 

TO- 

The maximal function of a martingale / is defined by 

/' :=sup|/ (n) |. 

nEN 


For 0 < p < oo the Hardy martingale spaces H p (G m ) consist of all martingales, for which 

\\f\\ Hp ■= \\n\p < °°- 

If / = (/ (n) ,n G N) is a martingale, then the Vilenkin-Fourier coefficients must be dehned 
in a slightly different manner: 


/ (i) : = lim 

k—> oo 




Gn 


Let {q n : n > 0} be a sequence of non-negative numbers. The n-tli Norlund mean is defined 
by 


tnf ■ q ^ ^ Qn—kSkfi 
^ n k =1 


where 


It is well known that 


71—1 


Qn ■ ^ ^ qk- 


k =0 


tnf (x)= f ( t ) F n (x - t) dt, 

JGm 

where Zy, are the so called Norlund kernels 


t'n. ■ „ ^ ^ Qn— fc-Pfc- 

fc=l 

We always assume that go > 0 and linin^oo = oo. In this case (see [18]) the summability 
method generated by {g n : n > 0} is regular if and only if 

Qn—l 

Inn —— = oo. 

n-> oo Q n 

If q n = 1, then we get the usual n-th Fejer mean and Fejer kernel 

-. n I n 

0nf ■= - y2 Sk ^ Kn := “ Y] D ki 

77 , ‘ -J n ‘ -J 


k =1 


n 


k =1 
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respectively. 

Let t, n G N. It is known that (see m) 

0, 

(7) 


K m .„ (x) = 


M t 


1— r t (x) ’ 

(M n + 1) /2, if x E I n . 


if x - x t e t £ I n , x G I t \I t + i, 
if x - x t e t e I n , x e It\It+ 1 , 


The (C*, a)-means (Cesaro means) of the Vilenkin-Fourier series are defined by 

1 n 


k=1 


where 


4«._n -m. (« + !)■••(« + ») „ _9 

^0 * ' .i 5 & / ^5 2, . . . 




The n-th Riesz logarithmic mean R n and the Norlund logarithmic mean L n are dehned by 

-1 n—1 ri r -t n—1 ^ p 

L «S'-=rY.— 4- 

l n k l n n — k 

n k=1 k=1 

respectively, where 

n—1 

l n :=J2 l / k - 


k=1 

For the martingale / we consider the following maximal operators: 

t*f := snp |t n /| , 

nSN 

a*f := sup |cr n /| , a a ’* f := sup |a“/| , 

tiEN nG N 

:= sup l-Rn/l , L*f := sup |L n /| . 

neN neN 

We also dehne the following weighted maximal operators: 

t* f := sup \t n f\ / log 1+Q (n + 1), 

nSN 

supK/|/log 1+ “(n + l), 

nSN 


a*f := sup \a n f\ / log 2 (n + 1) . 

nSN 


A bounded measurable function a is called a p-atorn, if there exists an interval I, such that 





NORLUND MEANS 


7 


3. Results 


Main results and some of its consequences 


Theorem 1. Let f G Ri/(i+a), where 0 < a < 1 and {q n : n > 0}, be a sequence of 
non-increasing numbers, such that 

(8) n a /Q n — 0( 1), as n —> oo, 
and 

(9) (q n - q n+ 1 ) / n a ~ 2 = O (1), as n -+ oo. 

Then there exists an absolute constant c a , depending only on a, such that 


t f 




< Ca ||/|| 


H l/(l+a) ' 


Corollary 1. (Blahota, Tephnadze \Q) Let f G Ri/(i+ a )) where 0 < a < 1. Then there exists 
an absolute constant c a , depending only on a , such that 


/ 


i/(i+“) 


< Ca ||/|| 


H l/(l + a) ' 


Corollary 2. (Goginava |17j . Tephnadze |31] ) Let f G Hi/ 2 . Then there exists an absolute 
constant c, such that 


O’ / 


1/2 


< C 




1/2 


Theorem 2. Le/ / G Ri/(i+a); where 0 < a < 1 and {g n : n > 0}, 5e a sequence of non¬ 
increasing numbers, satisfying condition and (OJ). T/ien /dere exists an absolute constant 
c a , depending only on a, such that 


1 

logn 


n 


£ 


kf\\ l H l+a 


k 


< Ca ||/|| 


V(l+“) 

H l/(l+a) ' 


Corollary 3. (Blahota, 
an absolute constant c a , 


Tephnadze m) Let f G -ffi/n+a)) where 0 < a < 1. Then there exists 
depending only on a , such that 


logn 


£■ 

fc=i 


I _a f II l/(l+a) 

Ffc/lln!/^, 

k 


£ I'r: 


1 /( 1 +“) 


H 


1 /( 1 +“) 


Corollary 4. (Blahota, Tephnadze [5j, Tephnadze [35]j Le/ / G H\/ 2 . Then there exists an 
absolute constant c, such that 


J_ylWII$ 

log n k 


<c||/|| 


1/2 
h 1/2 ■ 


Remark 1. For some {q n : n > 0} sequences of non-increasing numbers conditions (G|) and 
can be true or false independently. 


Remark 2. Since Cesaro means satisfy conditions (£§]) and we immediately obtain from 
the Theorem BT that the rate of the weights |log 1+ " (n + 1)}^ in n-th Norland mean can 
not be improved. 
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Some auxiliary results 


Weisz proved that the following is true: 

Lemma 1. (Weisz [39jj Suppose that an operator T is a-linear and for some 0 < p < 1 

J \Ta\ p dp < c p < oo, 

7 

for every p-atom a, where I denotes the support of the atom. If T is bounded from Lto 
Loo, then 

\\Tf\\ p < c p \\f\\ Hp . 

We also state three new Lemmas we need for the proofs of our main results but which are 
also of independent interest: 

Lemma 2. Let sM n < r < (s + 1) M n , where 1 < s < m n . Then 

sM n -2 

(10) Q r Fr QrDsM n ®stf„-l ^ ^ ( Qr—sM n +l Qr— sM„+l+l) IL-i 

1=1 


®sM„-l (siH n 1) Qr—lLsM n — l T VJ sM n Q r—sM n F, — sM n - 


The next Lemma is generalization of analogical estimation of Cesaro means (see [12] ) 

Lemma 3. Let 0 < a < 1 and {q n : n > 0} be a sequence of non-increasing numbers, 
satisfying conditions (Ej) and (EJ). Then 




Lemma 4. Let 0 < a < 1 and {q n : n > 0} be a sequence of non-increasing numbers, 
satisfying conditions (Ej) and (0|). If r > Mjy, then 

r , „ . .. , . , c a M?M k . 

/ \F r (x — t)\dp (■ t) < — —— —, x G I l+ 1 ( s k e k + Siei ) , 

Ji N r a M N 

where 


1 < s k < m k — 1, 1 < Si < mi — 1 (k — 0, ..., N — 2, l — k + 2,..., N — 1) 


and 



t)| dp ( t ) < 


Ca FIk 


x G In (s k €if), 


where 


1 < s k < m k - 1, (k = 0, ..., N - 1). 
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4. Proofs 


Proof of Lemma [2} In [16] Goginava proved similar equality for the kernel of Nor lurid 
logarithmic mean L n . We will use his method. 

Let sM n < r < (s + 1) M„, where 1 < s < m n . It is easy to show that 

r sM n r 

(11) ^ ^ ^ ^ Qr—l^l 

k =1 1=1 l=sM n -\- 1 

:=/ + //. 

By combining ((6]) and Abel transformation we get that 

sM n — l 

(12) I = ^ q r - sMn +iD sMn -i 


1=0 


sM n — 1 


— ^ qr-sM n +lD s M n -l + q r -sM n DsM n 

1=1 

sM n —1 

- D sMn ^2 Qr—sMn+l 
1=0 
sM n 1 

“®sM n -l ^2 Qr-sM-n+lDi 
1=1 

(Qr Qr—sMn ) D s Mn 
sMn- 2 

_w stf„-l ^ (?r-sM„+l — 9r-sM„+!+l) IKi 

i=l 


Since 


®sM„-l?r-l (sM n 1 ) KsM n — i- 

Dj+sM n D S Mn "P ra s m u Dj , y 1,2,..., sJM n 1, 


for II we have that 

r-sM n 

(13) // = £ qr-sM n —lDl-\- s M n Qi — sM n D s M n A Qr-sM n -fr_sM„• 


(=1 


By combining (TTIT) - (TT3l) we obtain (ITOl) and the proof is complete. 

Proof of Lemma [3l Let sM n < k < (s + 1) M n , where 1 < s < m n and sequence 
{qk ■ k > 0} be non-increasing, satisfying condition 

q 0 n 


(14) 


Qr 


= 0(1), as n —> oo. 


By using Abel transformation we get that 


n— 1 


Qn 'y ' ' J Qn—j ■ 1 y ] ( Qn—j 
j 1 j =1 


(15) 


q n -j-i) j + qon 
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and 

(16) 

Since 

(17) 


'71—1 


Fn | ^ ^ ( Qn—j Qn—j—l) j^j "b 

Vi 


0=1 


H 


n 


l-^nl <C^2/M A \K Ma \ , 


A=0 


by combining (fT51) and fllbp we immediately get that 

c ( n ~ l \ |n| 

| Fn | ^ I ^ ^ | Qn—j Qn—j— 1| "h Qt) I ^ ^ Ma 


o=i 


' n —1 


A =0 
|n| 


Qr 


y ' {Qn-j Qri—j—l ) + Q'o J ^ ^ 4 \K Ma \ 


0=1 


A=0 


< C 


2g 0 - g n _i 

Qn 


M 


a; 


m a | 


A=0 


M |n| 

<^tJ2 Ma \ Km a \<-J2 Ma \ Km * i 


A=0 


A=0 


Since the case qon/Q n — O (1), as n —> oo, have already been considered, we can exclude 


it. 


Let 0 < a < 1. We may assume that {qk : k > 0} satishes conditions (JHJ) and ((9]) and in 
addition, satishes the following 

Qr 


qon 


= o(l), as n —>■ oo. 


qn17> , Qn / 1 \ 

g« = go-< go-= 0 ( 1 ), as n -> oo 

g 0 n g 0 n 


1 


l=n 


Qn = Yl (® - ®+0 ^ ^ ^ 

l=n 


It follows that 
(18) 

By using (TT8ll we immediately get that 

(19) 
and 

(20) Qn = X® < XjTW - 

z=o z=i 

It is easy to show that 

(21) Qfc P.mJ < cM" |-D sM J 

and 

(22) (sM n - 1) g fc _i | K S M n — i| < ck a ~ l M n \K sMn -i\ < cM |ib sMn -i| 


n—1 


erf 
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Let 


and 


n n i -i I> i "b S n2 Mn 2 ' ' ' "L S nr AI nr ^ Tl\ 7^2 ^ ^ Urt 

n (fc) = s n , +1 M n H-h Sn r M nr) 1 < s„. < mi - 1, l = 1, ..., r. 


3n fc+l ^fc+l ^ ^ °7lr ±v± w, r i x ^ 

By combining (OT1) . ( T22 \ ) and Lemma [2] we have that 

|<5n-^n| 


Sn-i M n , 1 


< 


c« I M« | + Y1 ( n<1) + ( )°" 2 1*^1 + K t |a,„ 1 m„ 1 -i| + IQ 


t(i) 


Z=1 


By repeating this process r-times we get that 

I Q n F n 


< c„^ AC, |D, nl M„,I + V (n<‘> + ()““ |!A',| + M“ |A', 


fc=l 


By combining 


and 


Moreover, 


i=i 

:=/ + // + ///. 


and © we obtain that 

l n l hi 

/ < c„Y.K \D Mk \ < Ca E M ? i A "a4 I 


fc=i 


k=1 


fc=l 


n/ < |M„, K. 

L 

r 

< c„E M f 


H Sn k Mn k \ 


k =1 


r n k s A M A -l 

// = c ”EE E ("“>+0°" 2 i^i 

/c=l A=l/ = Sy^_l Af^4_l 
r n k+ 1 saMa~ 1 

= c «EE E L (t| +o“" 2 i'A,i 

/c=l A=ll=s a~\MA— i 
r n k s a M a ~ 1 

+c ”E E E (« < * ) +()“" 2 i ( A i 

fc=lA=n fe+1 + lZ=SA-iM A _i 

r n k+ i Sa m a — 1 

<c„E M ”,;iE E i^-i 

fc=l A=11=s a _iM a _i 

r n k s a M a - 1 

+c«E E M ^ -2 E 1^1 

fc=lA=n fe+ i+l l=s A _ 1 M A _ 1 

:= Ih + Ih- 
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By combining ((Zj) and (fl7j) for 11\ we get that 

r rik +1 saMa — 1 A 

ih < c„E M .y + i E E E M i I k m, 

k =1 A=1Z=sa— iMa—i j —0 

ni k A 

< c«E^- 2 E^E^ 1***1 

Zc=l A=1 j'=0 

ni Zc 

< c„E M r‘E M ji x "ji 

/c=0 j=0 

ni ni 

= ^E^ia-m.iE ^ -1 

3=0 k=j 

ni 

<c a J2 M ?\K Mj \. 

3=0 


By using (TT71) for II 2 we have similarly that 

r n k A 

u 2<c„e E vr'E^I^I 

k=lA=n k+1 +l j =0 

ni A ni 

< | Am, | < |A m ,|. 

A=1 j=0 j=0 

The proof is complete by combining the estimates above. 

Proof of Lemma [4j Let x G if+i (s k e k + sie {), 1 < s k < m k — 1, 1 < s/ < mi — 1. Then, 
by applying (J7J), we have that 

AT Mn (x) = 0, when n > l > k. 

Suppose that k < n < l. Moreover, by using (J7J) we get that 

I K Mn (a;) | < cM k . 

Let n < k < l. Then 

\K Mn (x)| = (M n + 1) /2 < cM k . 

If we now apply Lemma [3] we can conclude that 

1 

(23) Q r | F r (x) | < cA^M a A \K Ma (x) \ 

A= 0 


l 

< c a J2M%M k < c a M?M k . 

A =0 


Let x G h+i ( s k e k + siei) , for some 0<k<l<N — 1. Since x — t G //+ 1 (s fc e fc + siei) , for 
t E In and r > M/v from (1231) we obtain that 



t) | d/r (f) < 


c a Mj*M k 

r a M N 


(24) 
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Let x G In (s k e k ) , k — 0,..., N — 1. Then, by applying Lemma [3] and (0) we have that 


(25) 


Q 


r \ ± r 


X 


t)\d^i{t) < 

A =0 



K Ma (x-t) I dp ( t). 


Let x G In (s k e k ), k — 0,..., N «*• 1, t E In and x q ^ t q , where N < q < |r| — 1. By 
combining (J7J) and f[25|l we get that 


Hence, 

(26) 


Q r | F r (x — t) | dfi ( t ) 


< C, 


q-1 

•E Mi 

A =0 


M k d/ii (t) < 


CgM k M q 

M n 



t)| dfi it) < 


c a M k M “ 
r a M N 



M n 


Let x G In (s k e k ) , k — 0,..., N — 1, t G I N and x N = t N ,..., x\ r \-\ = By applying 

again (J7J) and (l25|) we have that 


(27) 



i)| d/d (t) < 


Ca 

ryOt. 


kl-i 


A =0 



M k dfi (t) < 


c a M k 

M n 


By combining ()24l) . ()26l) and (1271) we complete the proof of Lemma [H 

Proof of Theorem [Q According to Lemma CD the proof of the first part of Theorem 0 
will be complete, if we show that 



i/(i+«) 

dp (x) < oo, 


for every 1/ (1 + a)-atom a. We may assume that a is an arbitrary 1/ (1 + a)-atom with 
support I, p (/) = M^ 1 and / = In- It is easy to see that t n (a) = 0, when n < Mn- 
Therefore, we can suppose that n > M N - 


Let x G In- Since t n is bounded from L to L^ (the boundedness follows from Lemma 3) 
and llall^ < M]^ a we obtain that 


| t n a (x)| < 



a (t)| | F n (x 


t) | dp (t) 


< IIa 


— II II OO 


< c a Mj+ a 


| F n (x — t) | dp (t) 

| F n (x-t) | dp ( t ). 


Let x G h+i (s k e k + siei) , 0 < k < l < N. From Lemma [4] we get that 

c a M^ M k M^j 


(28) 


\t n a (x)| < 


n^ 


Let x G In (, s k e k ), 0 < k < N. From Lemma 0 we have that 
(29) \t n a(x)\ < c a M k M%. 
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By combining (J3J) and 


we obtain that 

,1 /U+a) 

t*a(x ) 


A— 2m k — 1 A— 1 m; —1 

EE E E 


sup 

fc=0 Sk = l l=k+l Si = l J I l+1 (Skek+Siei) n>M N 
N—lm k — l „ 


d/i (x) 

t n a (x) 1/<1+Q) 


■EE 


sup 

S “l Jl N(s k e k ) n>M N 
N—2m k —l A—1 m; — 1 „ 


log 1+Q (n + 1) 
t n a (x) 1 /d+«) 


d/i (x) 


log 1+ "(n + 1) 


djJL ( x ) 


< 


5iEE E E 


fc=0 s fe =n=fc+lsj=l >'L+i( s l e fc+ s i e z) n>Mjv 
Af—lrrifc —1 „ 


sup | t n a (x)| 1/(1+a) d/i (x) 


+vEE 


fc=0 s fc =l Jl N{s k e k ) n>M N 


sup | t n a (x) 1 1// ( 1+Q ) d/i (x) 


A-2 A-l 


< y 

- 

k =0 Z=fc+1 


(m* - 1) (m, - 1) (Mf M fc ) 1/(1+Q) M; /(1+a) 


M, 


i +1 


n a/(l+a) 


A—1, 


( m fc 1) flW(l+“) /\l' 1 /( 1 + Q ) 
Ma 

k =0 


+—y^- 

ivZ 


'A 


< 


c q M“ /( 1+q) (M"M fc ) 1/(1+a) 


iVn a /( 1+ “) 


■EE 

/c=0 Z=/c+l 


Mi 


i +1 


r EE /if 1 /( 1+Q ) 

C a M k 
fc=0 JW A 


< C„ < OO. 


The proof is complete. 

Proof of Theorem [2l By Lemma |T] the proof of Theorem [2] will be complete, if we show 
that 


log n Z-' k 

& fc=i 


< c Q < oo, 


for every 1/ (1 + a)-atom a. Analogously to the proof of Theorem [T| we may assume that a 
be an arbitrary 1/ (1 + a)-atom with support /, /i (/) = M^ 1 and I — In and n > 

Let x G Jtv- Since t m is bounded from L^ to L^ (the boundedness follows from Lemma 3) 
and Halloo < we obtain that 


Hence 


I t n a (x)| 1/(1+Q ° d/i < ||a 0r)||^ (1+a) M N l < c a < oo. 


1 ^ In ^ tk a ^ i 1/(1+Q) d ** 


logn 


k=Mjy 


k 
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< 


n 1 
C n V 1 


By combining (J3]) and 


V- < c Q < oo. 
log n ' k 

we can conclude that 

i fci tfcQ ( x )i 1/(1+a) d V ( x ) 


log n 


k 


k=M N +l 

i A y> 2 y^ 1 ^ *^; 7j 1+l(Brer+atei) M(x)| 1/(1+Q) dp(x) 

| q o’ ^ r ^ f ^ f ^ f ^ f ^ 


k=Mw+l r=0 s r =l l=r+l si=l 


k 


logn 


< 


1 


_! n N— lm r —1 P 

i y^ JI N (s r e r ) 

fc=Mjv+l r=0 s r =l 

n r A//' Q! /( 1 + Q ) 
c a iV/i j\r 


|4a (x)| 1/(1+a) dn ( x) 


logn 


E 


E ^a 

~h 


k a/(l+a)+l ' k 

\k=M N +l k=M N +l 


< Cry < OO. 


The proof is complete. 

Proof of Remark [0 Let us see an example. Let 


Qr 


;= I 7E if n e n 4 
0 if n — 0. 


Then sequence is non-increasing and non-negative. 

1. Let 0 < a < 1/2 arbitrary, ft is easy to see, that if n > 2, then 

Qn>y^ — 1 => / —J=dx = 2y/n — l — 2 

Vk Ji y/x 


Recalling a < 1/2 we obtain 


n 

0 < — < 


n 


Q n 2 y/n — 1 — 2 


= 0 ( 1 ) 


On the other hand 


Qn Qn- 1-1 


n 


o-2 


■n5- Q ^ 0(1). 


1 + Hv /l + ^ + 1 / 

2. Analogously we can show that in the case of a > 1/2 the situation is the opposite. 
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